The Selberg super-trace formula for super Riemann surfaces is used to derive asymptotic distributions for the asymptotic distribution of the number N( ) (j j ! 1) of eigenvalues of the Dirac-Laplace operator on super Riemann surfaces, and for the asymptotic distribution of the number N(N) (N ! 1) for the number of the norms N of the hyperbolic conjugacy classes, respectively. In the case that the underlying Riemann surface is compact, we nd that the Witten index is determined by the area of the Riemann surface.
1 Introduction.
There are two important problems in the study asymptotic distributions. First, there is the question of prime geodesic theorems according to Riemann 1] in order to nd the asymptotic proliferation of prime numbers P, as P ! 1. Second, there is the question of the number of eigenmodes in a cavity, nowadays known as Weyl's law, as the energy tends to in nity. This very important law (one of Hilbert's famous problems) was discovered by Weyl 2] . The latter problem is actually closely related to the question \Can one hear the shape of a drum? " 3] , whereas the former could be put into \Can one see the sound of a drum?". Obviously, both asymptotic laws have been the subject of many investigations since, and they both can be put into the context of index theorems which makes them mathematically even more attractive and interesting.
In quantum chaos 4,5] and hyperbolic geometry 6] the prime geodesic theorem translates into an asymptotic distribution of the norms of hyperbolic conjugacy classes, as the norms tend to in nity, respectively the number of periodic orbits, as the length of the periodic orbits tend to in nity, and is generally known as Huber's law 7] . Whereas it is possible by means of the Selberg trace formula 6,8]{ 10] and by the semiclassical Gutzwiller trace formula 11] to establish an intimate connection between periodic orbits and energy-levels, the general outcome is that the energy-levels give information about orbits, but not generally about the shape of the object in question 12] , and the statistics of the distribution of the uctuations of the staircase functions about the asymptotic distribution give evidence of the character of the investigated system 4], may it classically integrable, chaotic, respectively arithmetically chaotic 13]. The corresponding asymptotic laws also provide numerical checks, whether the found (length and energy) spectrum is actually complete up to a chosen value.
In the present paper I apply some of the known techniques for deriving asymptotic distributions, in the following for short denoted by Huber's and Weyl's law, respectively, in the case of super Riemann surfaces. The concept of superspace, e.g. 14] and super Riemann surfaces emerge, for instance, in string theory 15] and quantum super gravity theories 16] and provide a convenient and systematic way to incorporate fermionic degrees of freedom into a eld theory. Besides the pure \stringy" aspects of super Riemann surfaces one can also think of a free interacting eld theory where an e ective potential analysis is made, e.g. Ref. 17, 18] .
In the next section I review brie y some classical results concerning Weyl's and Huber's law. In the third section I summarize some results concerning super Riemann surfaces. I have developed in 19]{ 21], based on earlier results by Baranov et al. 22 ], a theory of automorphic forms on super Riemann surfaces which resulted in the formulation of Selberg super-trace formul for Dirac-Laplace operators on super Riemann surfaces. It is possible to state Selberg super-trace formul for compact and non-compact super Riemann surfaces (according if the underlying usual Riemann surface, the body of the super Riemann surface, is compact or noncompact), and closed and bordered super Riemann surfaces 23, 24] , respectively. In order to make the paper self contained I will outline some basic facts about super Riemann surfaces in the third section, including the statement of the relevant Selberg super-trace formul . The formulations will be as general as possible to include any super Riemann surfaces.
The fourth section actually then attacks the derivation of the asymptotic law for the proliferation of the periodic orbits, i.e., the norms of the hyperbolic conjugacy classes. The principal result is that we nd a similar behaviour as in the classical case.
The fth section will be concerned with the corresponding Weyl's law. The very construction of the Selberg supertrace formula implies that in the case of a continuous spectrum for a non-compact super Riemann surface. The relevant expression which must be studied has the form str (e ?tH ? e ?tH 0 )], where H 0 is the free supersymmetric Hamiltonian. It is found that the positive (continuous) spectrum is canceled out, and we get a relative index theorem, e.g. 25, 26] . Actually, this trace yields a number counting the di erence of the bosonic (respectively fermionic) zero-energy states of H minus the di erence of the bosonic (respectively fermionic) zero-energy states of H 0 plus an additional number determined by the continuous spectrum. Here, we nd quite a di erent behaviour in comparison the the classical case. Weyl's law is found to be a constant given by the area of the domain. This is in accordance with the Witten index 26] (super-trace of the heat-kernel), formally written as str(?1) F , where (?1) F = 1 ? 2a y a is the \Fermion"-number operator, is independent of the parameters of the theory. In the present case, these parameters describe the deformations of the metric, i.e., they are the Teichm uller parameters; therefore we are left with the invariants of the surfaces which are classi ed according to their genus g, i.e., str(?1) F / g / A, the area of the surface. In the presence of parabolic conjugacy classes, i.e., non-compact domains with cusps, scattering states become dominant and change this picture.
The sixth section is devoted to a discussion and summary of the results. In the three appendices some results as derived from the usual Selberg trace formula are summarized, including some additional notation concerning the general set-up of the Selberg trace formula. Particularly in appendix B, I brie y outline the derivation of Huber's law for SL(2; Z Z) which is due to unpublished results of Romani 27 ].
Some classical results
Before I develop the asymptotic distributions for super Riemann surfaces in the sequel, I
rst want to give a closer look at the classical cases and introduce some notation. In the considerations of the classical asymptotic distribution N ? of the norms N of the hyperbolic conjugacy classes in a Fuchsian group ? one knows that (Huber's law 7]) the asymptotic distribution has the form
where N = e L and Ei(z) is the exponential integral 28, p.925]. It is the asymptotic distribution (leading term) for any (compact and non-compact) Riemann surface. However, this is a rather rough estimate. As it turns out (2. 
where (k) is the M obius function ( (1) The other important asymptotic distribution, i.e. Weyl's law, describes the asymptotic proliferation of the numbers of energy levels N(E) not exceeding E, respectively it counts the asymptotic proliferation of the number of modes in a cavity. It provides a useful check whether all modes of a system (as a theoretical or a \hard-ware" model) actually have been found. In order to construct explicitly a metric on H (1j1) one starts with the super-vierbeins in at superspace and performs a super-Weyl transformation to obtain the metric ds 2 
dp In the term involving the hyperbolic conjugacy classes we obtain in the limit t ! 0 + :
l n (L ? l n k) :
Operating by 2 R L l 0 dl=l on both sides, where 0 < l 0 < l 1 < L we get ( (L) = The integration over the -function gives the step-function (x), which in turn by the summation over n gives the number of geodesics with length L=k not exceeding L=k. Skipping all terms and powers proportional to e ?L we get, as L ! 1
Denoting now
we obtain the asymptotic distribution for the length of the periodic orbits on a closed compact super Riemann surface according to Let us extend our investigation to non-compact super Riemann surfaces. First, we observe that with the test function (4.13) we have g(0; t) = 0, and corresponding terms in the Selberg super-trace formula do not give a contribution. Furthermore we have h( 1 2 ; 0 + ) = sinh L 2 . This gives a Ei(L=2) contribution in N(L). The remaining terms are of similar order except for the term coming form the scattering matrix (s). This term is completely undetermined, except for the property that it does not exceed the contributions of O(e l =L), i.e., it must be lower than of order O(e L =L). This general statement is well-known in the theory of the Selberg zeta function, e.g. 10]). Therefore, the only statement which can be made is that on noncompact super Riemann surfaces the asymptotic distribution of the length of geodesics, i.e. the asymptotic proliferation of hyperbolic conjugacy classes, is according to
; L ! 1 ; (4.16) and no further statement can be made. which is therefore evidence for exact super symmetry of the spectrum, all energy levels but the ground state are degenerate and cancel.
Compact super Riemann surfaces with hyperbolic and elliptic conjugacy classes
Exploiting the -function properties of g(u; t) it is not di cult to incorporate also the elliptic terms. The rst term in the summation over elliptic conjugacy classes yields and the supersymmetric properties of the system are almost the same as before.
Non-comapct super Riemann surfaces
Turning to the case where also cups are present, we have to evaluate some additional contributions. Integral expressions over g(u; t) are determined by means of the limit t ! 0 + , similarly as the two integrals in the elliptic conjugacy classes, and give either a constant or zero. We see clearly that additional states due to cusps increase this expression to ?1, in contrast to the compact case, where it is approaching a constant.
6 Discussion and summary
In this paper I have discussed how to derive asymptotic distributions for the number of eigenvalues of the Laplacian (for short Weyl's law) and for the number of norms of hyperbolic conjugacy classes (for short Huber's law) on super Riemann surfaces by means of the Selberg super trace formula. In the case of Huber's law I have found a similar behaviour as for the corresponding case on usual Riemann surfaces. The case of the Weyl's law, however, was quit di erent. For compact super Riemann surfaces Weyl's law is essentially equivalent with the Witten index of the quantum mechanically system. For non-compact super Riemann surfaces this result was modi ed by the additional presence of scattering states which yield energydependent (respectively momentum dependent) terms, a similar e ect as in the classical case. However, there are several obstacles for a more thorough investigation which would cover all cases of super Riemann surfaces, i.e. compact, respectively non-compact, and closed, respectively bordered super Riemann surfaces. In the case of non-compact super Riemann surfaces any further re nement of the leading term in Huber's law faces the completely unknown behaviour of the logarithmic derivative of the scattering matrix. The exact form of the scattering matrix is only known for congruence groups 50]. In the case of bordered super Riemann surfaces there seems no obvious discussion how to treat the asymptotic number of the norms of the inverse hyperbolic conjugacy classes. The corresponding case of the classical result for usual bordered Riemann surfaces exploits the known behaviour of the heat-kernel for t ! 0 and t ! 1, respectively. Summarizing, our model has the advantage that it is possible to determine many quantities explicitly nevertheless, in comparison to the generally at superspace models as discussed, e.g, by Borisov et al. 25] and Fuchs 48] . Acknowledgements I would like to thank J. Bolte, D. Mayer and F. Steiner for fruitful discussions.
A Summary of the classical Selberg trace formula
The most general form of the Selberg trace formula for closed Riemann surfaces was given by Venkov 6 ] and Hejhal 9, 10] , completing the original work of Selberg 8] .
Let us consider an fundamental domain (polygon) F of a Fuchsian group ?, realised on the Poincar e upper half-plane H. In the case that F is compact, the corresponding Fuchsian group ? is cocompact, otherwise ? is non-cocompact. An arbitrary Fuchsian group is generated by 4. g(u) = ?1 R 1 0 h(p) cos(up)dp. 5. (z) = ?(z)=? 0 (z) with ?(z) the Eulerian ?-function, We have denoted by l n the length of the n-th orbit (ordered according to their value) with g n their multiplicity. Trivially we have h(p = 0; t) = 1 and lim t!0 + g(u = 0; t) = 0. According to the reasoning in the introduction, Huber's law (2.1), follows and is valid for any Riemann surface. If one considers only compact Riemann surfaces, this can be re ned, where one can exploit the full impact of the M obius inversion formula (2.4).
In the case of congruence groups (subgroups of SL(2; Z Z)) and related groups it is now possible to give explicit expressions for the scattering matrix and its determinant. The remaining terms in the trace formula are not di cult to evaluate. This has the consequence that we can state the following identity for the case of SL(2; Z Z) (compare e.g. 6, 10, 50] ; the general case is similar, and the terms are not considerably altered; we consider this case for simplicity) 
